Four point functions of general N = 4 1/2-BPS primary fields, satisfying the next-next-to-extremality condition ∆ 1 + ∆ 2 + ∆ 3 − ∆ 4 = 4 are studied at large N and strong coupling. We apply new techniques to evaluate the effective couplings in supergravity, and confirm that the four derivative couplings arising in the five-dimensional supergravity vanish on-shell.
Introduction
Correlation functions of chiral primary operators (CPOs) in N = 4 super Yang-Mills theory were widely studied during the early days of the AdS/CFT correspondence [1, 2, 3] . Given the non-trivial nature of the celebrated duality, computations were carried out in the supergravity theory (which is weakly coupled) to determine the strongly coupled limit of the corresponding gauge theory correlator, as the infinite tower of KK scalar excitations are dual via the standard AdS/CFT dictionary, to all 1/2-BPS chiral primary operators. Superconformal symmetry already imposes severe constraints on the form of the correlation functions. These operators are known to have protected conformal dimensions and their three point functions having their spatial dependence fixed up to an overall normalisation constant, computed in both supergravity and free field theory for large N and shown to agree [4] .
Four point functions are the first truly dynamical objects, as they are not completely constrained by non-renormalisation theorems and depend on g. This is reflected on the presence of operators belonging to long multiplets when they are given an Operator Product Expansion (OPE) interpretation [5, 6, 7, 8] , with the anomalous dimensions of the operators occurring as a perturbative expansion in g. A four point function can be given by written as a double OPE expansion of the form
Here C µ1···µ l are the operator algebra structure constants which are fixed by the conformal dimensions and by the three point functions normalisation constants. Hence determination of the spectrum and of all three point normalisation constants will yield the theory solvable as any higher point function can be obtained using the OPE. In the literature, four point functions have been computed for chiral primary operators belonging to the [0, p, 0] representation for p = 2, 3, 4 [9, 10, 11] and for the mixed case involving two operators in the [0, 2, 0] and two operators in the [0, p, 0] [12, 13] . These operators are dual to KaluzaKlein supergravity fields s p with masses m 2 = p(p − 4) arising from the reduction of the IIB five form flux and the trace of the ten dimensional metric. The supergravity results generated contributions of order O(1/N 2 ) from connected diagrams which reproduced the results coming from free field Yang-Mills theory to that order, plus an additional dynamical piece due to interactions.
In general, using the AdS/CFT correspondence, any given higher point function of chiral primary operators will be given in terms of AdS d+1 integrals of the form
where x i are the points in the boundary of AdS d+1 . These D-functions transform covariantly under conformal transformations and in the n = 3 case reduce to the standard form of the three point function.
When n = 4, (2) becomes essentially a quartic vertex and only depends on two conformal invariants u, v and any four point function can be shown to reduce to a linear combination ofD-functions. For the cases studied in the literature, the dynamical contribution obtained from all supergravity four point amplitudes, has been shown to reduce to an expression involvingD-functions 1 of the formD ip+2jk for various i, j, k ≤ p. This is precisely what is required so the OPE has no contributions from twist two operators belonging to long multiplets in the strong coupling limit [14] . With this guiding principle, Dolan, et.al. conjectured that the dynamical piece of any four point function of single trace [0, p, 0] chiral primary operators can be expressed in terms ofD-functions of the formD ip+2jk constrained so that in each channel unitarity bounds on the operators appearing in the OPE are satisfied.
Given the technical difficulty associated with the supergravity computations, further tests of the previous conjecture have been left on hold, and the availability of the spectrum has limited the scope of examples, as these become overly complicated as soon as more massive states are considered.
More recently, there there has been a renewed interest in computing correlation functions holographically. In [15] Janik, et al. introduced a formalism for using semiclassical methods for computing correlation functions of operators dual to massive classical string states. He successfully computed two point functions of operators dual to classical spinning states. Tseytlin and Buchbinder [16] went a step further and showed how to define the relevant string states and how to translate them into boundary condiitons for the corresponding semiclassical world surfaces. Later on, Zarembo [17] , Costa et al. [18] and Roiban and Tseytlin [19] developed methods to evaluate three point functions for the particular case in which two states are semiclassical (i.e. dual to a classical string) and the other is dual to a supergravity mode (i.e. a 1/2-BPS chiral primary operator). Buchbinder and Tseytlin [20] then considered four point functions with two operators dual to supergravity modes ("light"). All of these calculations have been shown to agree with expectations from free field theory, but an apparent disagreement with the supergravity result in [13] was highlighted and the issue remains unresolved.
In this paper, our aim is to take a step further and using previous and new methods in supergravity, attempt to verify the Dolan / Nirschl / Osborn conjecture for a more generic example involving chiral primary operators, while also shedding some light into the apparent disagreement uncovered by Buchbinder and Tseytlin in [20] . We focus our attention in a next-next-to-extremal process involving two operators of conformal dimension ∆ = k + 2 with k > 2, an operator with ∆ = n − k so n − k ≥ 2 and an operator with ∆ = n + k. This example is a more general version of the correlator studied in [13] , with the subtlety that all operators here are massive and three different operators are present in the calculation, which amount to the emergence of a wider variety of interactions to be studied.
After establishing the general structure by restricting its dependence using conformal symmetry, we compute the amplitude in AdS supergravity by evaluating the on-shell action. We then compare the result against the predictions made in the gauge theory side, by means of rewriting the result so it is given in terms of unique dynamical function of the form specified by the conjecture in [14] .
To this end, we have followed the standard procedure for computing four point functions in supergravity. Namely, we use the relevant terms listed in [21, 4, 22, 23, 24] and evaluate the exchange integrals using the techniques in [25, 10, 12] . For the evaluation of the effective vertices coming from the integrals over the S 5 , we build on top of the methods introduced in [13] and use some results from [26] to give closed expressions to the sums of products of SO(6) C-tensors in terms of polynomials of SU (4) invariants. Using these, we show that the five-dimensional on-shell lagrangian is of the σ-model type (i.e. four-derivative terms vanish) and that the quartic lagrangian acquires a simple form after a remarkable simplification. Finally, we show how to rewrite the result for the strongly coupled four point amplitude in terms of a unique dynamical function plus a "free" part, emulating the behaviour observed in all other examples in the literature (partial non-renormalisation [27, 10] ).
The plan of this paper is as follows. In section 2 we discuss the structure of the correlation function we are interested in computing by constraining its form using the symmetries of the theory, and show how it can be re-expressed in terms of conformal ratios and SU (4) invariants. We then turn to free YangMills theory in section 3 and evaluate the various diagrams in the large N limit. In section 4 we setup the supergravity calculation by writing the relevant terms of the lagrangian and evaluating explicitly the effective couplings and exchange integrals (technical details are included in appendices B, E, F). Section 5 discusses the results and shows how the supergravity amplitude is split into a "free" and an interactive piece which is of the same form specified by [14] . We also comment on the issues pertaining to the free part and the apparent disagreement with the classical string theory results in [20] . Section 6 summarises our findings and suggests some possible research avenues to be pursued in the future.
Structure of the Correlation Function
We are interested in computing the four point function of 1/2-BPS superconformal primaries of N = 4 supersymmetric Yang-Mills theory. The structure of this correlator is constrained by the symmetries of the theory, comprising R-symmetry and crossing symmetry. The canonically normalised operators [4] with conformal dimension ∆ = p are given by
where C r i1···ip is a totally symmetric traceless SO(6) tensor of rank p and the index r runs over a basis of a representation of SO (6) . The four point function we wish to study has the form
which is a next-next-to-extremal process 3 , given that ∆ 1 + ∆ 2 + ∆ 3 − ∆ 4 = 4, which will constrain the selection rules as to allow us to perform the calculation. Notice that we've chosen the first two operators in the correlator to have the same conformal weight to simplify the computations. The content of the OPE's is given by operators in the representations arising in the tensor product of the SU (4) representations [0, k + 2, 0], [0, n − k, 0] and [0, n + k, 0]. This is, all SU (4) representations that are in the tensor product
and those in the tensor product of [0, k
Here we used
where p 1 ≤ p 2 . All the OPE channels with j = 0, 1 contain only short and semishort operators. We now follow the ideas and methods in [10] . An appropriate basis to study the content of a four point function is given by the propagator basis arising in free field theory. Recall that the propagator for scalar fields is given by
Let us introduce the harmonic (complex) variables t i satisfying the following constraints
These variables parametrise the coset SO(6)/SO(2) × SO(4) so that under an SO(6) transformation, the highest weight vector representation transforms as t i1 · · · t ip , so projections onto representations [0, p, 0] can be achieved by writing
with p denoting the highest weight of the representation [0, p, 0]. Using these notation, we can rewrite (8) as
We can now construct four point functions by connecting pairs of points by propagators. For the case in hand, the amplitude will be expressed in terms of the propagator basis for (5), determined from six graphs belonging to four equivalence classes, as depicted in figure 1 . Each of the propagator structures can be multiplied by an arbitrary function of the conformally invariant ratios u and v Let us introduce the SU (4) invariants which are homogeneous of degree zero and are defined by
with these definitions we can recast (13) in the following form
where G(u, v; σ, τ ) is given as a polynomial in σ and τ
Crossing symmetry imposes restrictions on G(u, v; σ, τ ). Under exchange of 1 ↔ 2
Hence, the number of coefficient functions is reduced to four as
When n = 2k + 2 there is an additional crossing symmetry 1 ↔ 3, such that
and there are only two independent coefficient functions left. Ward identities and dynamical considerations force G(u, v; σ, τ ) to split into two distinct pieces, the first related to the result obtained for free fields and the second containing all the contributions coming from non-trivial dynamics to the four point function. Namely,
where
It is easy to see that (20) transforms under crossing symmetry as s(u, v; σ, τ ) = v 2 s(u/v, 1/v, τ, σ). This together with (16) necessarily implies
3 Free Field Theory at large N It is possible to calculate the leading large N behaviour for the free field contributions to the four point function. Our calculations will be very similar to those presented in [14] . We start by introducing the
Introducing the basic two-point function of adjoint scalar fields X = X a T a 
where sub-leading terms in the large N limit have been dropped. Three point functions can be evaluated analogously, taking into account the relevant symmetry factors
In the extremal case, p 1 + p 2 = p 3 and in the large N limit the result is given by p 1 p 2 p 3 N p3−1 . We are now ready to evaluate the large N limit of the four point function of interest. There are six possible ways of contracting the chiral primary operators (see figure 1) . Consider the first diagram and let i = 2, j = p = k and l = n − k (see figure 2) . With appropriate symmetry factors one has:
Note that
substituting this result in (26) gives: 
Let us now evaluate the second diagram (see 3). In this case i = m = 1, j = k, p = k + 1 and l = n − k − 1 so the contribution to the four point function from this diagram is given by
It is useful to record
substituting back and simplifying
where we used that i = 1 and j = k. Evaluation of the third diagram gives the same result, as expected from crossing symmetry. The remaining diagrams can be evaluated analogously. We summarise our results below:
Using the normalisation in (10), the two point function of chiral primary operators (24) becomes
and using (14) we can now write down the large N result of G 0 (u, v; σ, τ ). This is,
Notice that in the limit in which n = 2k + 2,
which is consistent with (18).
Supergravity Calculation
The AdS/CFT correspondence relates N = 4 SYM theory and IIB string theory in AdS 5 × S 5 . In the limit in which N and λ 1, one can set up a precise relation between correlation functions of single trace operators in the planar limit and correlation functions of the corresponding supergravity states. The statement between operators in the gauge theory and fields in the bulk was established in [2, 3] and refined in [28, 29, 30] . The proposition is
On the left hand side of (33) the field φ 0 ( x), which stands for the boundary value of the bulk field φ(z 0 , x), is a source for the operator O( x), and the expectation value is computed by expanding the exponential and evaluating the correlation functions in the field theory. On the right hand side, one has the generating functional encompassing all dynamical processes of IIB strings on AdS 5 × S 5 . In the supergravity approximation, S IIB is just the type IIB supergravity action on AdS 5 × S 5 , and it is assumed here that all the bulk fields φ(z 0 , x) have appropriate boundary behaviour so they source the YM operators on the left hand side. Hence in practice, one first finds the boundary data for the corresponding gravitational fields and then computes correlation functions as a function of these values (on-shell), by functional differentiation.
Given that we are interested in computing correlation functions of superconformal primaries, we first need to identify the bulk fields whose value in the boundary serve as sources. From looking at the representations, we see that the fields dual to superconformal primaries are obtained from mixtures of modes from the graviton and the five form on the S 5 [31] and are denoted as s I k , with I running over the basis of the corresponding SO(6) irrep. with Dynkin labels [0, k, 0]. The four point function can then be determined from the expression
On-Shell Lagrangian
We are interested in computing the process
in strongly coupled N = 4 SYM theory, using the supergravity approximation. This process satisfies the next-next-to-extremal condition k 1 + k 2 + k 3 − k 4 = 4 and we will consider the case in which n ≥ k + 2.
The prescription (33) indicates that we need to evaluate the on-shell value of the five-dimensional effective action of compactified type IIB supergravity on AdS 5 × S 5 . We write this action as
which involves the sum of quadratic, cubic and quartic terms. The normalisation of the action can be derived from expressing the ten dimensional gravitational coupling as 2κ 
with l being the AdS 5 radius, which will be set to one. The relevant quadratic terms [31, 21] read
where F µν,p = ∂ µ A ν,p − ∂ ν A µp , and summation over upper indices is assumed, running over the basis of the irreducible representation corresponding to the field 4 . We also haven't specified the values over which p is being summed over. These will be specified by the various selection rules that determines the fields that are exchanged in the bulk. We should finally point out that the fields have been rescaled in order to simplify the action. In this case, the corresponding rescaling factors for scalars and vectors 5 are given by
and all symmetric tensors are left unscaled. The relevant cubic couplings [23, 4, 22] are given by
We often use the notation s where
As one can see, there are different contributions to the s-and t-channels. The cubic terms for the fields s I p will be explicitly written below given the various symmetry factors that enter depending on the values of n and k. We now consider the interaction vertices for the scalars s I p . One has two different cases. For
and for k = 0 one gets the case discussed in [13] . Finally, the quartic couplings are given by
where the supraindex indicates contributions coming from zero, two and four-derivative terms. This is
The explicit form of these terms has been computed in [24] . For our case, two of the k i 's are equal to k + 2. This allows for twelve possible permutations, where the indices I i run over the basis of the representation [0, k i , 0] which is being summed over. We show in appendix E that the relevant contributions coming from the quartic lagrangian can be reduced to a simple expression involving only two-derivative terms and zero-derivative terms, which is consistent with the fact that this is a sub-subextremal process, i.e. [32, 33] . Now that the relevant terms in the lagrangian have been exchange by a vector of mass m 2 n−1 = n(n−2) (c) exchange by a tensor field of mass
specified, it remains to compute its on-shell value. From the couplings, one can determine the diagrams that need to be computed. One has scalar exchanges of s We start by introducing the following currents:
Now we can write down the equations of motion for the scalars:
For the vectors:
and for the tensors:
where W µν λρ is the modified Ricci operator
which imply the following equations of motion
We now represent the solutions to the equations of motion in the form
where s 0 p , A 0 µ and φ 0 µν are solutions to the linearised equations with fixed boundary conditions ands p ,Ã µ andφ µν represent the fields in the AdS bulk with vanishing boundary conditions. It is then possible to express these fields in terms of an integral on the bulk, involving the corresponding Green function:
where u is the chordal distance in AdS:
To first order in perturbation theory, the solutions read
and to avoid cluttering, we've omitted additional subindices to denote the appropriate weights of the Green's functions. We will drop the tilde in the following. Using the expressions above, we arrive at the following expression for the on-shell value of the action. The contributions to the s-channel are determined by
and for the t-channel the analogue expression reads
The expressions in brackets arise from the integrals over S 5 and are defined in appendix B. We will worry about contact interactions later. So far, we see that we need to compute three Witten Diagrams for each channel, involving exchanges of scalars, massless and massive gauge bosons and massless and massive gravitons. In order to do so, we extend the methods developed in [34, 25, 12] to perform the computations. We list the explicit results that we will use, which can be derived from (116) and (117) in appendix B.
Results for Exchange Integrals
We now carry out the integrals and write the results in terms ofD-functions, which are functions of u and v introduced in (12) and are related to the more familiar D-functions [34] which are defined as
whereK ∆ (w, x) is the normalised bulk-to-boundary propagator for a scalar of conformal dimension ∆ D ∆1∆2∆3∆4 can be identified as a quartic scalar interactions (see Fig. 6 ). The relation between the D-functions and theD-functions, and their properties can be found in appendix C.
Let us first introduce the following notation for the various exchange integrals that contribute to the amplitude.
with the bulk-to-bulk propagators appropriately chosen, depending on the particle that is being exchanged. For our case, the s-channel integrals yield
+D k+2 k+1 n−k+1 n+k − vD k+1 k+2 n−k+1 n+k −D k+2 k+1 n−k n+k+1
and the t-channel amplitudes are given by
−nD k+2 k+2 n−k−1 n+k+1
These expressions are to be substituted in the action, including an overall constant normalisation factor of C(n − k)C(n + k)C(k + 2) 2 which arises from the bulk-to-boundary propagators K ∆ (z, x). Here
Contact Interactions
In appendix E we explicitly show that the four-derivative terms in the quartic langrangian (41) can be expressed in terms of two-and zero-derivative terms, so the lagrangian is of the σ-model type. This was expected given that the relevant couplings are next-next-to-extremal [32] . Let us then start from the recast version of the quartic lagrangian:
and
We evaluate the on-shell value of the lagrangian and use the following identity:
Rewritting (62) in terms ofD-functions, one obtains
so the final result for the on-shell action will be given by adding the contributions from equations (53), (54) and (66).
Results for the Four Point Function
We now evaluate the action on-shell by substituting the summation of overlapping SO(6) tensors in terms of σ and τ and the results for the exchange integrals.
Here we have also used the symmetry 1 ↔ 2. It is implied in this expression that the scalar fields refer to the boundary sources, so they depend on the x i coordinates. We are now ready to compute the four point function (35) using the AdS/CFT prescription given in (33) . To recover the canonical normalisation, let us briefly consider the two-point functions of the operators in the process. Following [35] , for a supergravity action of the form
for p > 2 the corresponding two-point function is given by
so we re-scale the operators as
This implies that the four point function is of order O(1/N 2 ). The explicit form can be determined from
Upon functional differentiation, and using the symmetries underlying σ and τ , we obtain can write the final result as in (14) with the functions (a,
andã (u, v) = 2 (2k + 3) (k + 1) 2 (2k + 1)uD k+1 k+1 n−k n+k + u (2k + 3) (k + 1) vD k+1 k+3 n−k+1 n+k+1 +D k+3 k+1 n−k+1 n+k+1
+ v vD k+2 k+3 n−k+1 n+k +D k+3 k+2 n−k+1 n+k + 6nu
Using the expressions in (72) it is possible to see that the crossing symmetries are respected and that the overall form of the four point amplitude is consistent with conformal symmetry.
Verifying the CFT predictions
At a glance, the supergravity result might seem tedious to look at, but the lengthy expressions in (73)- (78) can be simplified as shown in appendix D. The simplified coefficient functions are in fact given bỹ a(u, v) = 2uD k+2 k+2 n−k n+k+2
As we saw in section 3, the symmetries of the theory demand the four point correlation function to acquire the form (14) . We can read out the strongly coupled limit of G(u, v; σ, τ ) by rewriting (72) using the simplified expressions in (79)
which as expected satisfies (16) . Notice that according to the splitting in (19) , the "free" piece G 0 (u, v; σ, τ ) computed in supergravity partially agrees with the free field theory results in (31) . We can immediately read out the dynamical piece H I (u, v)
We see then, that the full four point correlation function depends solely on an term reminiscent of an effective quartic interaction vertex, namely a uniqueD-function. This result supports the conjecture made in [14] and supports the field-theoretic arguments discussed in [10] for the partially non-renormalised form of four point amplitudes of CPOs.
Discussion
In general, a scalar quartic diagram can be decomposed in a regular part and a singular part [6] where each term is given by series expansions in powers of u and 1 − v. Namely,
with the regular part is of order O(u m , u m log u) for m ≥ 0 and the singular part is given bȳ
where we have introduced
The regular part contains terms of the form ln u that lead to contributions to anomalous dimensions of order 1/N 2 coming from long operators. When discussing the case of [0, p, 0] chiral primaries, long operators belong to SU (4) representations [n − m, 2m, n − m] satisfying m ≤ n ≤ p − 2 [36, 37] . Previous computations have indicated that at strong coupling, the only operators that develop anomalous dimensions have ∆ − l ≥ 2p, which implies that long multiplets with twist ∆ − l < 2p are absent in the OPE of two CPOs of weight p in the large N limit.
In [5] it was shown that for the p = 2 case, the only twist 2 operator appearing in the OPE at large N is the energy momentum tensor. It was confirmed in [7] that all other twist two operators are absent at large N for any l, which differs to what happens at weak coupling, where twist 2 operators appear for any l (with l = 0 corresponding to the Konishi scalar). The absence of twist 2 operators when the theory becomes strongly coupled requires a non-trivial cancellation of between free field theory contributions to the OPE and dynamical contributions arising from the non-logarithmic regular part of theD-functions. This is, the sub-leading terms from theD-function which correspond to operators with ∆ − l < p cancel with the corresponding free field contributions.
This cancellation was exploited by Dolan, Nirschl and Osborn in [14] to propose the form of the strongly coupled amplitude. In this paper we have shown from supergravity that next-next-to-extremal correlators can be reduced to a singleD-function of the conjectured from 6 . The presence of mixing between contributions coming from the dynamical and free parts of the amplitude suggests that there is no reason to expect that G 0 (u, v; σ, τ ) will precisely match the "free" part of G sugra (u, v; σ, τ ) and as it happens, our result (86) differs from the free theory result (31) . The same phenomena was observed in [13] .
Given these arguments, it would be interesting to analyse the contributions coming from different multiplets to the partial wave expansion and to verify explicitly the cancelations between the free field values and the results from supergravity. Of interest as well would be to try to generalise the conjecture in [14] to all four point functions of 1/2-BPS chiral primary operators, namely, correlators of the form O p1 O p2 O p3 O p4 . From our results it is straightforward to conjecture the strongly coupled limit of G(u, v; σ, τ ) for the most generic next-next-to-extremal case 7 . This is
In a recent paper [20] , Buchbinder and Tseytlin discussed semi-classical methods for evaluating four point amplitudes of classical strings. In particular, they focused on two "heavy" vertex operators with large quantum numbers and two "light" operators and argued the result can be written as a product of two three point functions. For the case in which the operators were taken to be chiral primary scalars of charges ±J and ±j with J j, their result reads
This agrees with the free field SYM theory result in the limit in which J ≥ 1 [39] . An attempt to compare (86) with the supergravity result in [13] uncovered an apparent disagreement, as the supergravity result had no term of order J 2 . There it was argued that the dynamical function H I (u, v) 8 was of order J 1/2 , hence sub-leading at large J, and it was suggested that there could be some missing terms.
A careful analysis using the short-distance expansion in (83) reveals that as it happens, H I (u, v) is O(J) as u → 0, comparable to the contributions coming from the "free" part. This behaviour is consistent with the arguments presented above, since contributions coming from the dynamical part should mix with those from the free part. These same arguments makes us confident in our result (80). A more detailed analysis taking into account the short distance expansion expressions above might reveal terms of order J 2 . Also it would be necessary to question the order of limits taken in [20] , specifically the short-distance expansions in u,v and the limit in which J becomes large. We hope to address these questions in the future.
A Harmonic Variables and Propagator Basis
The quartic couplings are described in terms of products of two Clebsch-Gordan coefficients
that arise from overlapping integrals of spherical harmonics when compactifying the supergravity action on S 5 . In order to compare the supergravity induced four point function with the one computed in field theory, we need to expand this rank 4 tensors in terms of the so-called propagator basis. The basis in the case k 1 = k 2 = m and k 3 = k 4 = n is given by 6 possible SO(6) tensors which have the form
Each of these correspond to one of the diagrams in figure 1. The definitions above imply the following symmetry properties:
As it was shown in section (2), one can also express four point amplitudes in terms of a basis for SO(6) tensor fields by introducing six-dimensional complex null vectors t i , so the correlator becomes an invariant function of the SU (4) variables σ and τ introduced in (13) . We can then re-express the rank 4 tensors in terms of harmonic variables. In the s-channel (1234) we have:
For the remaining channels, one has the transformations
for the t-channel (1324) and for the u-channel (1423)
B Integration over S (4) as
where ξ ∈ S 5 , i.e. ξ 2 = 1. The basis of totally symmetric traceless tensors C
It follows that
From [26] we have that
We are interested in evaluating the integral
assuming k 4 ≥ k 3 and a, b ≥ 0, the result has been obtained in [26] and we reproduce it below
with
From [23] we have
and α k = α ijk for j = k = i. Using the identifications above, it follows that, for fixed k 5 and for the highest weight components of the representations
Substituting the expressions for the integrals we get
where in the last equality σ 125 + σ 345 − Σ = k 5 was used. This normalisation agrees with that in [12] and [13] . The same procedure can be followed for integrals involving vector spherical harmonics and tensor harmonics
(106) 9 Note the inclusion of a factor of ω 3/2 5 w.r.t. that paper, since the normalisation of the spherical harmonics that they use includes an additional ω is given by
(110) It is also convenient to introduce the relation between the harmonic polynomials Y (a,b) nm (σ, τ ) and combinations of Jacobi polynomials [39] . Let us start by introducing
where y andȳ are related to σ and τ by
and P (a,b) n (y) are the standard Jacobi polynomials. For m = n one has that
and finally, for m = n − 2
Using these relations we can obtain the explicit form of the effective couplings arising from the integration on S 5 for our particular process. Consider first the products of scalar harmonics a 125 a 345 for fixed k 5 . In the s-channel the relevant polynomials are
which correspond to k 5 = 2k, 2k + 2, 2k + 4. In the t-channel, the polynomials that we will use are
which equates to the cases k 5 = n − 2, n, n + 2. For products of vector harmonics t 125 t 345 , in the s-channel, we will make use of
corresponding to k 5 = 2k + 1, 2k + 3 and of
for the t-channel, for which k 5 = n − 1, n + 1. The only relevant polynomial for the product of tensor harmonics p 125 p 345 happens to be Y 20 . In the s-channel, Y for which k 5 = n. Explicitly
C Properties of D-Functions
We collect here some general properties and identities of the D-functions. These are defined as integrals over AdS 5 , by the formula
withK
D-functions, which are functions of conformal invariant ratios u and v, can be defined from D-functions byD
where 2Σ = i ∆ i and
Some identities relatingD-functions with different values of Σ are listed as follows:
Furthermore, there are identities relatingD-functions with the same Σ. The most frequently used in manipulations throughout this paper is
A useful expression arises when we take the limit of (126) in which one of the ∆ i → 0 to obtain
Further properties of these functions can be found in Appendix C of [13] .
D Various Manipulations involvingD-functions
Here we show how to simplify the final supergravity result (72) to show that x is equivalent to y. All D-functions entering (73)-(78), have Σ = n + k + 3, n + k + 2 and n + k + 1. We start by showing that all D-functions with Σ = n + k + 3 can be expressed in terms ofD k+2 k+2 n−k n+k+2 . We then show that D-functions of lower Σ cancel each other out.
Considerã(u, v). We start by using the identities (125) on the terms with Σ = n + k + 3. This procedure generates newD-terms with equal Σ and terms with Σ = n + k + 2 vD k+1 k+3 n−k+1 n+k+1 =D k+2 k+2 n−k n+k+2 − kD k+1 k+2 n−k n+k+1 D k+3 k+1 n−k+1 n+k+1 =D k+2 k+2 n−k n+k+2 − kD k+2 k+1 n−k n+k+1
Using 126 on the firstD-function of the last three expressions above, gives D k+2 k+2 n−k+1 n+k+1 = −D k+2 k+2 n−k n+k+2 −D k+1 k+2 n−k+1 n+k+2 + nD k+1 k+2 n−k n+k+1 vD k+2 k+2 n−k+1 n+k+1 = −D k+2 k+2 n−k n+k+2 −D k+2 k+1 n−k+1 n+k+2 + nD k+2 k+1 n−k n+k+1 uD k+2 k+2 n−k+1 n+k+1 = −D k+2 k+1 n−k+1 n+k+2 −D k+1 k+2 n−k+1 n+k+2 + (2k + 1)D k+1 k+1 n−k+1 n+k+1
Putting everything together, we obtain
The terms in square brackets have Σ = n + k + 2. Noting that
and adding the terms in the fourth line of (73) we can see that allD-functions with Σ = n + k + 2 and Σ = n + k + 1 cancel between themselves. Hence (73) is given bỹ
We may similarly show that the other expressions in (79) are compatible with (73)-(78). Let us now focus onb 1 (u, v). Take ∆ 4 = n + k + 2 in (127), which gives for appropriate choices of ∆ 1 , ∆ 2 and ∆ 3
Using these expressions together with (125), we can evaluate
Also applying (125) toD k+1 k+2 n−k n+k+3 we get D k+1 k+2 n−k n+k+3 = uD k+3 k+2 n−k+1 n+k+1 + (n − k − 1)D k+2 k+1 n−k n+k+1
so combining this result with (133), we can write
This term is precisely theD-function that appears inb 1 (u, v) with Σ = n + k + 3. All the terms with lower Σ appearing above, cancel with the remainingD-functions in (74), by means of the identities (125), (126) and (127), so that we can writẽ
Similar arguments can be performed for (75), (76) and (77). In the case ofd(u, v) we obtaiñ
E Quartic Interactions
We are looking at the quartic diagrams arising in the process
satisfying the sub-sub extremality condition k 1 + k 2 + k 3 − k 4 = 4 and O ∆ are 1/2-BPS operators of N = 4 super Yang-Mills theory of conformal weight ∆. The quartic lagrangian reads
where the supraindex indicates contributions coming from zero, two and four-derivative terms, which are given by
The explicit form of these terms has been computed in [24] . For our case, two of the k i 's are equal to k + 2. This allows for twelve possible permutations, where the indices I i run over the basis of the representation [0, k i , 0] which is being summed over. We will proceed in similar grounds to those in [12, 13] . We want to express the coefficients as a sum of two terms: one symmetric under exchange of 1-2 and one antisymmetric under the exchange of 1-2. For the four-derivative couplings there are twelve terms, one for each independent permutation of the k i 's. There are two tensor structures entering the expression. These are given by:
(143) The first tensor is antisymmetric under exchange of σ ↔ τ whereas the second tensor is symmetric. Using these expressions we can write the four-derivative terms as:
we use the identity
and we use the symmetry properties of the tensors. The previous expression becomes
Notice that now all four-derivative terms cancel and the only surviving terms involve at most two derivatives. Integrating by parts the last two terms and simplifying using the symmetries: As in previous cases in the literature, it is possible to simplify this expression further by using the identity: 
Treating the terms with (n − k) and (n + k) on equal footing, it is possible to arrive to the final expression: 
We verify again that the four-derivative couplings vanish and that the lagrangian relevant to the computation is of σ-model type. This gives further evidence that the complete fourth order Lagrangian may share this feature. We now present the two-derivative couplings contribution to the quartic lagrangian. The procedure is similar, so that the general structure is of the form 
Combining together equations (146), (148) and (150), the contribution to the process coming from the quartic lagrangian reduces to:
4 +L 
F Exchange Integrals
The various method to evaluate exchange diagrams have been thoroughly discussed in [25, 10, 12] . The basic idea is to use the underlying symmetries of AdS space to write down an ansatz for the z-integral, and then use the Green function equation to determine the explicit functional dependence. As usual, we work in Euclidean AdS d+1 .
F.1 Scalar Exchanges
The scalar exchange integrals have been computed in [25] . For our case, we only need to consider exchanges of chiral primaries of weights 2k + 2 and n, for the s and t channels, respectively. The generic exchange integral has the form
where ∆ is the conformal weight of the exchanged scalar andK ∆ (z, x) is the unit normalized bulk-toboundary scalar propagator. The exchange integral can be evaluated by inverting and by making an ansatz for the integrated Green function based on Poincairé symmetries. For the cases here considered, we quote the results. In the s-channel, ∆ 1 = ∆ 2 = k + 2, ∆ = 2k + 2 and m 
In the t-channel, ∆ 1 = k + 2, ∆ 3 = n − k, ∆ = n and m 
F.2 Vector Exchanges
The z-integrals for massless and massive vector exchanges have been computed before [25] . We will just use the results and adapt them to our case. One is interested in diagrams of the form
withK ∆ (z, x) as before. The propagator once more, transforms as a bitensor under inversion, and it is possible to proceed in the same lines as in the scalar exchange case. We refer the reader to the formulas in [25] that determine the solutions. For the s-channel, ∆ 1 = ∆ 2 = k + 2 and m 2 = 4k(k + 1) so that (158) becomes A µ (w, x 1 , x 2 ) = − 1 2(k + 1)
For the t-channel, ∆ 1 = k + 2, ∆ 3 = n − k and m 2 = n(n − 2). The exchange integral evaluates to:
A µ (w, x 1 , x 3 ) = 1 | x 13 | 2 a n−k−1 + 2b n−k−1 2(k + 1) D µKk+1 (w, x 1 )K n−k−1 (w, x 3 ) − a n−k−1 2(n − k − 1)
and in this case, a n−k−1 = − 1 n b n−k−1 = 0 (161)
F.3 Tensor Exchanges
We now turn to the tensor exchanges. Again, all the ingredients to carry out this computation can be found in the literature [25, 12] . One needs to compute the z-integral A µν (w, x 1 , x 2 ) = [dz]G µνµ ν (z, w)T µ ν (z, x 1 , x 2 ) (162)
